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Genikeumèna sust mata suntetagmènwn

Perieqìmena

I KampÔlec suntetagmènec

I Par�gwgoi se di�fora sust mata suntetagmènwn,

telest c Laplace.
I Endeiktik� sust mata suntetagmènwn.
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Genikìthtec

Sth melèth fusik¸n problhm�twn eÐnai pollèc forèc anagkaÐa

h qr sh tou sust matoc suntetagmènwn oi opoÐec endeÐknuntai

lìgw summetrÐac sto ek�stote prìblhma.

I ParadeÐgmatoc q�rin, se probl mata me axonik  kai

sfairik  summetrÐa endeÐknutai h qr sh kulindrik¸n kai

sfairik¸n suntetagmènwn, antÐstoiqa.

I H an�ptuxh tou aparaÐthtou formalismoÔ eÐnai koin  gia

ìla ta sust mata suntetagmènwn.
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AnagkaÐo majhmatikì upìbajro

Proc dieukìlunsh sthn an�ptuxh tou anagkaÐou formalismoÔ

ja qrhsimopoioÔme th legìmenh sÔmbash kat� Einstein se

ajroÐseic, kaj¸c kai ta sÔmbola δ-Kronecker kai Levi-Civita. H
qrhsimìtht� touc eÐnai meg�lh se di�forouc kl�douc thc

Fusik c.

I Gia qrhstik  eukolÐa ja qrhsimopoioÔme th sÔmbash
Einstein gia ajroÐsmata deikt¸n pou emfanÐzontai se
ginìmena sunistws¸n dianusm�twn klp. SÔmfwna me aut ,
epalambanìmenoi deÐktec ajroÐzontai. p.q. to eswterikì
ginìmeno 2 dianusm�twn gr�fetai

A ·B =
3

∑
i=1

AiBi = AiBi . (1)

Peript¸seic ìpou den prèpei na gÐnetai �jroish

epanalambanìmenwn deikt¸n eÐnai sun jwc profan c.
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I To δ tou Kronecker orÐzetai wc

δij =
{

1 i = j ,
0 i 6= j .

(2)

ApoteleÐ to an�logo thc δ-sun�rthshc gia diakritèc

suntetagmènec.

I To sÔmbolo Levi–Civita εijk eÐnai:

I Αντισυμμετρικό ως προς οποιαδήποτε εναλλαγή δεικτών

εijk = −εjik = −εkji = −εikj . (3)

I ΄Εχει μια ανεξάρτητη συνιστώσα την ε123 = 1.
I Η ιδιότητα

εijkεimn = δjmδkn − δjnδkm , (4)

I και οι επακόλουθες

εijkεijn = 2δkn , εijkεijk = 6 , (5)

είναι χρήσιμες σε αποδείξεις ταυτοτήτων με διανύσματα.
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I Wc par�deigma jewroÔme thn i-sunist¸sa tou exwterikoÔ
ginomènou dÔo dianusm�twn. Aut  gr�fetai

(A×B)i = εijkAjBk .

Me qr sh twn anwtèrw idiot twn èqoume:

(A×B) · (C×D) = (A×B)i (C×D)i
= εijkεimnAjBkCmDn = (δjmδkn − δjnδkm)AjBkCmDn

= (AjCj )(BkDk )− (AjDj )(BkCk )
= (A ·C)(B ·D)− (A ·D)(B ·C) .
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MonadiaÐa dianÔsmata

JewroÔme ston EukleÐdio q¸ro R3 ta monadiaÐa dianÔsmata
x̂a, a = 1, 2, 3 me sunist¸sec x̂a = (x̂a

1 , x̂a
2 , x̂a

3 ). Upojètoume:

ορθογωνιότητα : x̂a · x̂b = x̂a
i · x̂b

i = δab (6)

kai
πληρότητα : x̂a

i · x̂a
j = h2

i δij , (7)

ap' tic opoÐec sunep�getai ìti

x̂a × x̂b = εabc x̂
c . (8)

 

x1
x2

Σχήμα: Γενικευμένες συντεταγμένες.
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Me autèc tic idiìthtec ta monadiaÐa dianÔsmata x̂a:

I ApoteloÔn b�sh kai k�je di�nusma mporeÐ na anaptuqjeÐ
wc

V = Vax̂a . (9)

I H stoiqei¸dhc metatìpish kai to mètro thc eÐnai

ds = hadxax̂a , ds2 = h2
adxadxa . (10)

I H fusik  metatìpish sth dieÔjunsh x̂a eÐnai hadxa kai èqei

mon�dec m kouc, oi suntetagmènec xa mporeÐ na èqoun

diaforetikèc.

I O stoiqei¸dhc ìgkoc eÐnai

dV = h1h2h3dx1dx2dx3 . (11)

I H stoiqei¸dhc epif�neia sto epÐpedo x3 =stajer�, eÐnai

dS12 = h1h2dx1dx2
(12)

kai kuklik� sta 1, 2, 3.
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Par�gwgoi

Kateujunìmenh par�gwgoc - An�delta: Gia mia sun�rthsh
F (x) to olikì diaforikì eÐnai

dF = ∇F · ds = hadxa∇F · x̂a

= ∂iFdx i , (13)

apì ìpou h kateujunìmenh par�gwgoc brÐsketai wc

∇F =
1
hi

∂iF x̂ i . (14)
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Apìklish dianÔsmatoc: Wc apìklish dianÔsmatoc V orÐzetai h

ro  tou apì stoiqei¸dh ìgko di� tou ìgko autoÔ.

 

 
Σχήμα: Ροή διανύσματος απ΄ την επιφάνεια στοιχειώδους όγκο.

Ap' to sq ma èqoume ìti h stoiqei¸dhc ro  apì dÔo pleurèc
eÐnai:

dx2dx3h2h3V1

∣∣∣
(x1+dx1,x2,x3)

−dx2dx3h2h3V1

∣∣∣
(x1,x2,x3)

' dx1dx2dx3 ∂(h2h3V1)
∂x1 .
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AjroÐzontac tic suneisforèc kai ap' tic �llec pleurèc kai
diair¸ntac me ton stoiqei¸dh ìgko èqoume

∇ ·V =
1
h

∂i

(
h
hi

Vi

)
, h = h1h2h3 . (15)

Strobilismìc dianÔsmatoc: Wc strobilismìc dianÔsmatoc V
orÐzetai to di�nusma k�jeto se mi� stoiqei¸dh epif�neia me

mètro to olokl rwma tou gÔrw ap' to sÔnoro thc epif�neiac

diairemèno me to embadìn thc.

 
Σχήμα: Στροβιλισμός διανύσματος.
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Ap' to sq ma èqoume ìti:

h1dx1V1

∣∣∣
(x1,x2,x3)

− h1dx1V1

∣∣∣
(x1,x2+dx2,x3)

+h2dx2V2

∣∣∣
(x1+dx1,x2,x3)

− h2dx2V2

∣∣∣
(x1,x2,x3)

'
[

∂(h2V2)
∂x1 − ∂(h1V1)

∂x2

]
dx1dx2 .

'Ara diair¸ntac kai me to embadì h1h2dx1dx2 paÐrnoume

A3 =
1

h1h2

[
∂(h2V2)

∂x1 − ∂(h1V1)
∂x2

]
και κυκλικά στα 1, 2, 3 . (16)

Me sumpag  sumbolismì

A = ∇×V =⇒ Ai =
hi
h

εijk∂j (hkVk ) . (17)
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I Shmei¸nw ìti h apìklish kai o strobilismìc twn
monadiaÐwn dianusm�twn eÐnai en gènei mh mhdenik�

∇ · x̂i =
1
h

∂i
h
hi

,

∇× x̂1 =
1
h1

[
x̂2 1

h3

∂h1
∂x3 − x̂3 1

h2

∂h1
∂x2

]
(18)

kai kuklik� sta 1, 2, 3.
I EpÐshc ap' thn

x̂i =
1
hi

∂s
∂x i , (19)

mporoÔme na apodeÐxoume ìti

∂̂xi

∂x j = x̂j 1
hi

∂hj

∂x i , i 6= j (20)

kai
∂̂xi

∂x i = −∑
j 6=i

x̂j 1
hj

∂hi
∂x j . (21)
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H Laplasian 

H Laplasian  wc telest c emfanÐzetai praktik� se ìlouc touc

kl�douc thc Fusik c kai twn efarmog¸n thc.

I H morf  thc wc deÔterhc t�xhc diaforikìc telest c

exart�tai ap' to an dr� se bajmwtèc sunart seic, se

dianÔsmata klp.

I H Laplasian  bajmwt c sun�rthshc orÐzetai wc

∇ · ∇F = ∇2F =
1
h

∂i

(
h
h2
i

∂iF

)
. (22)

I H Laplasian  dianÔsmatoc orÐzetai wc

∇2A = ∇(∇ ·A)−∇× (∇×A) . (23)

Mìno se Kartesianèc suntetagmènec isqÔei ìti

(∇2A)i = ∇2Ai .
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I (sunèqeia). P.q. se kulindrikèc suntetagmènec

∇2A
∣∣
ρ

= ∇2Aρ −
Aρ

ρ2 −
2
ρ2

∂Aφ

∂φ
,

∇2A
∣∣
φ

= ∇2Aφ −
Aφ

ρ2 +
2
ρ2

∂Aρ

∂φ
,

∇2A
∣∣
z = ∇2Az .

I H ∇2A emfanÐzetai stic exis¸seic Navier–Stokes sth
mhqanik  reust¸n, sth di�dosh HM kÔmatwn klp.
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Allag  suntetagmènwn

Ac jewr soume dÔo sust mata suntetagmènwn xi kai yi . H
stoiqei¸dhc metatìpish dÐnetai apì

ds = hidx i x̂ i = Hidy i ŷ i . (24)

Qrhsimopoi¸ntac ìti dx i = ∂x i

∂y j dy j paÐrnoume tic akìloujec

sqèseic metaxÔ twn monadiaÐwn dianusm�twn

x̂i =
Hj
hi

∂y j

∂x i ŷj ⇐⇒ ŷi =
hj
Hi

∂x j

∂y i x̂j . (25)

Ap' tic sqèseic x̂i · x̂j = ŷi · ŷj = δij kai tic (24), (25) èqoume th
sqèsh sumbatìthtac

H2
k

hihj

∂yk

∂x i
∂yk

∂x j = δij , (26)

thn opoÐa prèpei h allag  suntetagmènwn na ikanopoieÐ.
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Endiafèron parousi�zei epÐshc kai h allag  twn sunistws¸n
twn dianusm�twn sta dÔo sust mata anafor�c. Ap' thn

V = ui x̂i = vi ŷi
(27)

kai qrhsimopoi¸ntac tic parap�nw sqèseic metaxÔ twn
monadiaÐwn dianusm�twn brÐskoume ìti

ui =
hi
Hj

∂x i

∂y j vj ⇐⇒ vi =
Hi
hj

∂y i

∂x j uj . (28)

16



K. SFETSOS Majhmatikèc Mèjodoi Fusik c

ParadeÐgmata genikeumènwn susthm�twn suntetagmènwn

Kulindrikèc suntetagmènec: Me ton sumbolismì

(x1, x2, x3) = (ρ, φ, z) , ρ > 0 , 0 6 φ 6 2π , −∞ < z < ∞ ,

èqoume
h1 = 1 , h2 = ρ , h3 = 1 . (29)

H allag  suntetagmènwn apì Kartesianèc eÐnai

x = ρ cos φ , y = ρ sin φ , z = z .

H sqèsh metaxÔ twn monadiaÐwn dianusm�twn eÐnai

ρ̂ = cos φ x̂ + sin φ ŷ ,

φ̂ = − sin φ x̂ + cos φ ŷ , (30)

ẑ = ẑ .

ParathreÐste ìti
∂ρ̂

∂φ
= φ̂ . (31)
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'Estw mia sun�rthsh F = F (ρ, φ, z) kai èna di�nusma

V = Vρρ̂ + Vφφ̂ + Vz ẑ . 'Eqoume:
I Kateujunìmenh par�gwgoc

∇F = ∂ρF ρ̂ +
1
ρ

∂φF φ̂ + ∂zF ẑ , (32)

I Apìklish

∇ ·V =
1
ρ

∂ρ(ρVρ) +
1
ρ

∂φVφ + ∂zVz , (33)

I Strobilismìc

∇×V =
1
ρ
(∂φVz − ρ∂zVφ)ρ̂ + (∂zVρ − ∂ρVz )φ̂

+
1
ρ

[
∂ρ(ρVφ)− ∂φVρ

]
ẑ , (34)

I Laplasian 

∇2F =
1
ρ

∂ρ(ρ∂ρF ) +
1
ρ2 ∂2

φF + ∂2
zF . (35)
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Sfairikèc suntetagmènec: Me ton sumbolismì

(x1, x2, x3) = (r , θ, φ) , r > 0 , 0 6 θ 6 π , 0 6 φ 6 2π ,

èqoume
h1 = 1 , h2 = r , h3 = r sin θ . (36)

H allag  suntetagmènwn apì Kartesianèc eÐnai

x = r sin θ cos φ , y = r sin θ sin φ , z = r cos θ .

H sqèsh metaxÔ twn monadiaÐwn dianusm�twn eÐnai

r̂ = sin θ cos φ x̂ + sin θ sin φ ŷ + cos θ ẑ ,

θ̂ = cos θ cos φ x̂ + cos θ sin φ ŷ − sin θ ẑ , (37)

φ̂ = − sin φ x̂ + cos φ ŷ .

ParathreÐste ìti

∂r̂
∂θ

= θ̂ ,

∂r̂
∂φ

=
φ̂

sin θ
.
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'Estw sun�rthsh F = F (r , θ, φ) kai èna di�nusma

V = Vr r̂ + Vθ θ̂ + Vφφ̂. 'Eqoume:

I Kateujunìmenh par�gwgoc

∇F = ∂rF r̂ +
1
r

∂θF θ̂ +
1

r sin θ
∂φF φ̂ . (38)

I Apìklish

∇ ·V =
1
r2 ∂r (r2Vr ) +

1
r sin θ

∂θ(sin θVθ) +
1

r sin θ
∂φVφ . (39)

I Strobilismìc

∇×V =
1

r sin θ

[
∂θ(sin θVφ)− ∂φVθ

]
r̂

+
1

r sin θ

[
∂φVr − sin θ∂r (rVφ)

]
θ̂ +

1
r

[∂r (rVθ)− ∂θVr ] φ̂ , (40)

I Laplasian 

∇2F =
1
r2 ∂r (r2∂rF ) +

1
r2 sin θ

∂θ(sin θ∂θF ) +
1

r2 sin2 θ
∂2

φF . (41)
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Elleiptikèc suntetagmènec: Me to sumbolismì

(x1, x2, x3) = (u, v , φ) , u > 0 , 0 6 v 6 π , 0 6 φ 6 2π ,

èqoume

h1 = h2 =
√

cosh2 u − cos2 v , h3 = sinh u sin v . (42)

H allag  suntetagmènwn apì Kartesianèc eÐnai

x = sinh u sin v cos φ , y = sinh u sin v sin φ , z = cosh u cos v .

Se aut  thn perÐptwsh h Laplasian  gr�fetai

∇2F =
1

cosh2 u − cos2 v

[
1

sinh u
∂

∂u

(
sinh u

∂F
∂u

)
+

1
sin v

∂

∂v

(
sin v

∂F
∂v

)]
+

1
sinh2 u sin2 v

∂2F
∂φ2 .

Autì to sÔsthma suntetagmènwn qrhsimopoieÐtai se

probl mata pou oi allhlepidr�seic eÐnai men sfairik�

summetrikèc, all� proèrqontai apì dÔo kèntra.

Qarakthristikì par�deigma eÐnai to iìn tou Udrogìnou H+
2 .
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